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Abstract
We study a possible fate of universe, one in which there is neither the a rip singularity, which
results in the disintegration of bound systems, nor an endless expansion, instead the universe
will be quasi-static. We discuss the parameterization of the corresponding evolution and the
reconstruction of the scalar field model. We find, with the parameterization consistent with the
current observation, that the current universe might arrive at a quasi-static phase after less than
20Gyr.
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I. INTRODUCTION
The observations imply that the current universe is undergoing an acceleration [1], which
is driven by dark energy, or lead by the modification of gravity on large scale. The simplest
candidate of dark energy is the cosmological constant, but it suffers from the cosmic coin-
cidence problem. Thus the dynamical dark energy might be favored, there have been some
candidates of scalar field model such as [2],[3],[4],[5],[6], see e.g.[7],[8] for reviews.
The fate of universe is determined by the nature of dark energy. The universe driven
by the phantom will evolve to a singularity, in which the energy density become infinite at
finite time, which is called the big rip, see also Ref.[9] for other future singularities. How
to avoid these singularities is still an interesting issue, e.g.[10] and the little rip scenario in
which a rip singularity cannot occur in finite time [11],[12].
In principle, due to the difference in the nature of dark energy, the universe may have
a different date. Here, we will study the possibility of the fate of universe, in which the
universe will be quasi-static some time after the current time. In this fate of universe, there
is neither the disintegration of bound systems, i.e. the rip singularity, nor the moving apart
stars and galaxies, i.e. the endless expansion, e.g. in a dS universe or the universe dominated
by matter; instead the scale factor of universe will be nearly constant.
The outline of paper is as follows. We will firstly study how to parameterize the evolution
of a quasi-static universe in section II, and then will bring some specific cases in section III.
The reconstruction of the scalar field model is given in section IV. A discussion is given in
section V.
II. HOW TO PARAMETERIZE THE EVOLUTION OF A QUASI-STATIC UNI-
VERSE
For the universe to be static, it is required that
H −→ 0, and a −→ constant (1)
2
for t −→∞ should be satisfied, where H is Hubble parameter and a is the scale factor. The
corresponding evolutions can be parameterized as
H ∼
1
t0
(
t0
t
)b
, (2)
or Exp
(
−
(
t
t0
)k)
, (3)
where b > 1 and k > 0 are required. The case with 0 < b ≤ 1, e.g.H ∼ 1/t, Eq.(1) is not
suitable, since
∫
Hdt −→ 0 diverges. Here, the behavior of H −→ 0 is a power law or is
exponential. However, of course, the behavior of H could be also double exponential,
H ∼ Exp
(
−e
(
t
t0
))
, (4)
or a higher exponential. (5)
Here, for (2), a = e
∫
Hdt is given by
a ∼ astaticExp
(
1
1− b
(
t0
t
)b−1)
. (6)
Thus in the regime t ≫ t0, the universe is asymptotically static, where astatic is the static
value of a.
In this parameterization, the universe asymptotically arrives at the static phase. However,
it may be nearly static some time after t0. We define the time when e.g. a ∼ 0.99astatic
as the static time tstatic, which means the time that the universe has become quasi-static.
With(6), tstatic is given by
tstatic =
t0
[(1− b)ln0.99]1/(b−1)
. (7)
We see that the larger b is, the earlier tstatic is, since the Hubble parameter decays faster for
larger b.
However, the expansion of the current universe is accelerated, thus a consistent parame-
terization should not only overlap the above parameterization for t ≫ t0, but also give the
current acceleration around t ≃ t0.
III. APPLICATION TO SPECIFIC CASES
We will bring some specific parameterizations in this section, and discuss the details of
the models and restrict the parameters in parameterizations with current observation.
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A. The universe with parameterization (i)
We have
H(t) =
A
t0
( t
t0
)k−1
Exp
(
− B
( t
t0
)k)
(8)
The model have three parameters A, B, and k, and obviously, A, B > 0 and k > 1. With
the Hubble parameter (8), a is given by
a(t) = Exp
( ∫
H(t)dt
)
= astatice
− A
kB
Exp
[
−B
(
t
t0
)k]
. (9)
The relationships between the three parameters and the current a0 and H0 are
a0 = astatice
− A
kB
Exp(−B), (10)
and
H0 =
Ae−B
t0
. (11)
The universe consists of dark matter and dark energy. We have, for a FRW spacetime,
ρDE =
3
κ2
H2 − ρDM , (12)
pDE = −
2
κ2
H˙ −
3
κ2
H2, (13)
where κ2 = 8piG. The density of dark matter is given as
ρDM = ρDM0Exp
[
−
3A
kB
(
e−B − e
−B( t
t0
)k
)]
. (14)
Thus the required ρDE and pDE are only determined by the parameterization of H or a. The
equation of state parameter of dark energy is ωDE = pDE/ρDE . In infinite latetime, both
H and H˙ tend to 0, we have ρDE ≃ −ρDM and pDE ≃ 0. Thus at infinite latetime, it is
required that ρDE < 0, which just sets off the positive density of dark matter, and ωDE ≃ 0
is the same as that of dark matter, which ensures that the decaying of their energy density
with time are same. Here, the dark energy may be the field or fluid, which satisfies (12) and
(13). The derivation of the Hubble parameter is
H˙ =
A
t20
( t
t0
)k−2[
k − 1− Bk
( t
t0
)k]
e
−B( t
t0
)k
. (15)
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The expansion of universe at t0 is accelerated. The quasi-static phase implies that the
universe must begin deceleration at the time ttr > t0, in which a¨ = 0. With a¨/a = H˙ +H
2
and (15), we get
k − 1− kB
(
ttr
t0
)k
+ A
(
ttr
t0
)k
Exp
[
−B
(
ttr
t0
)k ]
= 0. (16)
Thus we have the condition
1
1−B
> k >
Ae−B − 1
B − 1
. (17)
With (9), the universe has become quasi-static at tstatic
tstatic =
(
1
B
ln
−A
kBln0.99
)1/k
t0. (18)
We restrict the space of the parameters A and B with observation in [13], in which
−1.033 ≤ ωDE ≤ −0.927, and the condition (17) for different k, see Fig.1. We find the
range of the parameter space decrease with the increasing k.
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FIG. 1: The observation constrains to the (A, B) parameters space for the different k.
(a): k=1.5, (b): k=3, (c): k=10.
In Fig.2, we plot the evolution of relevant quantities numerically, in units of ρ−1c0 , corre-
spondingly the space of the parameters in Fig.1, where ρc0 = 3H0/κ
2 is the present critical
density of the universe. Here we take ΩDM0 = 0.27. We find that the value of the parameter
A has a range which is in agreement with the current observations, i.e.ΩDE ∼ 3ΩDM .
In the Table I, we list tstatic and ttr by choosing three sets of the special parameters A
and B for different k. We see that the larger k is, the earlier both ttr and tstatic are, since
the Hubble parameter decays faster for larger k.
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FIG. 2: The upper panels are the graphs of the evolutions of ΩDM and ΩDE; the lower panels are
the graphs of the evolution of a(t) and H(t) by normalized. (a) and (d):the used parameter values
are k=1.5, (A, B)=(1.8, 0.6); (b) and (e):the used parameter values are k=3, (A, B)=(2.2,
0.8); (c) and (f):the used parameter values are k=10, (A, B)=(2.5, 0.92).
k (A, B) ttr/t0 ttr − t0 tstatic/t0 tstatic − t0
1.5 1.8, 0.6 1.468 64.116Gyr 4.270 447.990Gyr
3 2.2, 0.8 1.079 10.823Gyr 1.780 106.860Gyr
10 2.5, 0.92 1.008 1.096Gyr 1.136 18.632Gyr
TABLE I: The transition time ttr and the static time tstatic for the different parameter spaces.
B. The universe with parameterization (ii)
We have
H(t) =
A
t0
(t0
t
)b[
1−B
(t0
t
)]
(19)
The model have three parameters A, B, and b, and obviously, A, B > 0 and b > 2. The
discussion is similarly to the model in subsection A. We will not repeat it, and only plot the
evolution of relevant quantities numerically in Fig.3 for a set of parameters. The transition
time is ttr = 1.003t0, while the static time is tstatic = 7.804t0.
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FIG. 3: The left panel is the graph of the observation constrains to the (A, B) parameters space
for b = 3.5; The middle panel is the graph of the evolutions of ΩDM and ΩDE; The right panel is
the graph of the evolutions of a(t) and H(t). The used parameter values are b = 3.5, (A, B) = (4,
0.75)
IV. THE RECONSTRUCTION OF SCALAR FIELD MODEL
We will reconstruct the scalar field model with the parameterization (8). The re-
construction of scalar field dark energy models has been studied in lots of references,
e.g.[14],[15],[17],[18],[19].
The Lagrangian density of scalar field is given by P (X, φ), where X = −gµν∂µφ∂νφ/2.
Thus the energy density ρDE = 2XPX − P is derived. In a spatially flat FRW universe, the
equations for the dark matter and the scalar field are
3
κ2
H2 = ρDM + 2XPX − P, (20)
2
κ2
H˙ = −ρDM − 2XPX , (21)
where ρDM = ρDM0(
a0
a
)3. Thus we have
P = −
2
κ2
H˙ −
3
κ2
H2, (22)
φ˙2PX = −
2
κ2
H˙ − ρDM . (23)
In principle, after specifying P (X, φ), we can have the evolution of φ˙ and P with the
time. Thus the potential function in P (X, φ) can be reconstructed.
Here, we apply a generalized ghost condensate Lagrangian, e.g.[15], in which P = −X +
h(φ)X2. Thus with Eqs.(22) and (23), we have
φ˙2 =
6
κ2
H˙ +
12
κ2
H2 − ρDM , (24)
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h(φ) =
4
κ2
H˙ + 12
κ2
H2 − 2ρDM
( 6
κ2
H˙ + 12
κ2
H2 − ρDM )2
= κ2t2 ×
4Ae−B(t/t0)
k
(
t
t0
)k[
(3Ae−B(t/t0)
k
− kB)
(
t
t0
)k
− 1 + k
]
− 2Exp
[
−
3A
kB
(
e−B − e−B(t/t0)
k
)]
κ2t2ρDM0{
6Ae−B(t/t0)k
(
t
t0
)k[
(−2Ae−B(t/t0)k + kB)
(
t
t0
)k
+ 1− k
]
+ Exp
[
−
3A
kB
(
e−B − e−B(t/t0)k
)]
κ2t2ρDM0
}2 .
(25)
With (24) and (25), one can reconstruct the function of h(φ) for the generalized ghost con-
densate model in the quasi static universe. Considering that both h(φ) and φ are parametric
equations of t, we can plot the function graph of the h(φ) over φ numerically. In Fig.4, we
plot the reconstruction for h(φ) according to with the parameterization (8) numerically, in
units of ρ−1c0 , and the special parameters are k = 10 and (A, B) = (2.5, 0.92). Here, we have
fixed the field amplitude at the present epoch to be 1: φ(t0) = 1.
Let us check the stability of the system. hX = 1/2 corresponds to the cosmological-
constant model, and the system can enter the phantom region when (hX < 1/2), so the
model could be unstable as a phantom. As has been pointed out by Tsujikawa [15, 16],
when considering the stability of classical perturbations, two quantity are usually taken
into account : ξ1 = PX + 2XPXX ≥ 0, and ξ2 = PX ≥ 0. Combining Eq.(25), we need
2H˙ + 3H2 > 0 so that the perturbations are classically stable. The conditions is easy to
satisfy for the model (i) with the special parameters: k = 10 and (A, B) = (2.5, 0.92). For
some case, PX/(PX +2XPXX) will become negative. This instability may be avoided if the
phantom behavior is just transient(see Ref. [16]).
V. DISCUSSION
The fate of the universe is an interesting issue. We study a possibility of the fate of the
universe, in which the universe has become quasi-static some time after t0. This model may
has a region of parameter space in which it resembles ΛCDM, which thus is not conflict with
the current observation.
In section III.A, we study the parameterization (8). When t > t0, H(t) is rapidly de-
creased, thus we will get into the static universe shortly after t0. We find that the current
universe might arrive at the static phase after about 18.632 Gyr. For the universe, it is a
very brief spell.
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FIG. 4: The reconstruction for the function of h(φ) according to the model A with k = 10 and
(A, B) = (2.5, 0.92).
In section III.B, we study the parameterization (19). Here, since H(t) is decreased slower
than that in section III.A, it will take a longer time to get into the static universe. With
specific parameterization consistent with the current observation, we find that the current
universe will arrive at the static phase after tstatic = 7.804t0, about 932.148 Gyr.
Here, we show the possibility of an alternative fate of universe, in which the universe
has become quasi-static some time after t0. In this fate of universe, there is neither the
disaggregation of bound systems, nor the moving apart of stars and galaxies, the universe
will have a quiet “afternoon”.
The reconstruction of the scalar field models of quasi-static universe is significant. We
have discussed a case. However, we have neglected the coupling between the scalar field and
the dark matter. The case including the coupling is also interesting; it will be a substantial
work.
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